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Abstract

Tanzanian universities offering mathematics programs are faced with significant challenges,
especially in preparing university students so that they can reflect on their learning in
mathematics classes for improved lesson delivery and learning achievement. Reflective
practice stipulates that these students must be able to understand mathematics and manage
complex thinking processes for high level achievement of professional skills. Apart from that,
the use of reflective questions can be used to evaluate professional development in
mathematics. This qualitative study aims to explore the ways that reflective questions were
used to enhance university undergraduate students’ understanding of a relation on a set in the
research meeting. Twelve undergraduate students (PSTs) volunteered, participated in this
study and worked in a group consisting three of PSTs. Data was collected using individual
reflective journals. Individual students constructed mathematical ideas based on the asked
questions. The collected data was analysed using thematic analysis which involved data
familiarisation, initial codes generation, theme searching, theme reviewing, theme defining,
and report writing. It was found that reflective questions helped university students to share,
process, generalise and apply the concept of the relation on a set. The findings have
implications on reflective teaching and learning practice in mathematics classes, including
meaning making process, thinking about thinking, and community-based practice.
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1. Introduction

Each mathematics program offered by the Tanzanian university emphasises that the
program outcomes should be achieved by the university students to meet the criteria set by
the Tanzania Commission for Universities (TCU). Mathematics lecturers are responsible to
ensure that all graduate students achieve the required professional skills, which are integrated
into the mathematics curriculum for undergraduate students. However, the assessment of
students is usually done through testing and examinations at either the mid of the course or
end of the course. This hinders opportunities for students to reflect on their ongoing learning
during the teaching and learning process in mathematics classes. Giving opportunity for
university students to reflect on a concept in mathematics classes is critical for effective
instruction (Sowder, 2007), meaning making process (Rodgers, 2002), acting deliberately and
intentionally (Dewey, 1933), and innovative teaching (Boaler, 2015).These are some of the
characteristics of offering reflective questions to university students in mathematics classes.

This study was motivated by undergraduate students’ request to understand their ongoing
learning of a course in mathematics classes instead of waiting to get results from tests and
university final examinations which are conducted either in the mid or end of the semester. In
particular, university students rarely reflect on mathematics. Individual students’ or groups’
reflections usually come after receiving either university examinations or coursework results
and this is done at the end of the semester. In this study, university students got the
opportunity to reflect on relation on a set during conducting the research meeting. This is
essential in learning mathematics because “at the heart of that learning is the process of
critical reflection” (Shulman & Shulman, 2004, p. 263-264).

1.1 Description of a reflective question

Reflective question is not the form of a question that does not rely on a certain concept. It
allows both teacher and students to focus on a concept before, during and after
implementation of the instructional activities in a class. Dewey (1933) defines reflection by
stating that it:

emancipates us from merely impulsive and routine activity...enables us to direct our
activities with foresight and to plan according to ends-in-view, or purposes of which
we are aware. It enables us to act in deliberate and intentional fashion...to know what
we are about when we act. (p. 17)

Therefore, reflection is a process involving thinking about thinking and actions that one
requires to undertake (Schon, 1997). Furthermore, Dewey (1960) points out that it is an
“active, persistent, and careful consideration of any belief or supposed form of knowledge in
the light of the grounds that support it and the further conclusions to which it tends” (p. 9).
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Reflection is in different forms. This study identifies two forms of reflection based on Schon
(1991); reflection-in-action and reflection-on-action. Reflection-in-action is a type of
reflection which occurs during lesson delivery in a classroom. This involves thinking while
doing-either teaching or learning. Reflection-on-action is a type of reflection which occurs
immediately after teaching. It involves thinking after the event has occurred and the
knowledge gained is used by a teacher to inform changes.

There are several benefits for constructing and using a reflective question, including a teacher
creates his/her own practical theory for improved delivery of the lesson (Handal & Lauvas,
1987; Saito & Miwa, 2007), understanding of mathematics among students (Deogratias,
2020; McNaught, 2010; Stockero, 2008a, 2008b), a teacher is ready to implement new
practices in his/her own classroom (Deogratias, 2022; Foss, 2010; McGynn-Stewart, 2010),
supportive in addressing issues with mathematics subject matter and pedagogy (Deogratias,
2020; Nathan & Petrosino, 2003), achievement in problem solving (Lin & Lehman, 1999),
improved mathematical confidence and metacognition (Glahn, Specht & Koper, 2009; Legg
& Locker, 2009), increased individual students’ reflective ability (Goos, Brown & Makar,
2008), and improved learning transfer among students (Deogratias, 2020).

1.1.1 The features of reflective questions

The following are some of the features of reflective questions.

1. Reflective questions are “more than ‘thinking’ and focuses on the day-to-day
classroom teaching” (Bartlett, 1990, p. 204).

2. There are different ways for responding to reflective questions, including diaries,
portfolio, notebooks, and teacher’s reflective journals (Maat & Zacharia, 2010).

3. They are carried out by a teacher for in-depth reflection of the lesson (Jay & Jonhson,
2002).

4. They focus on thinking about thinking/doing before, during, and after implementing
the instructional activities in a learning context (Hartman, 2010).

5. There could be a variety of questions focused on a concept involving sharing,
processing, generalising, and applying (Boaler, 2015).

6. They should supply “the link between higher-order knowledge and regulation; a
powerful link between thought and action” (Ertmer & Newby, 1996, p. 14).

7. They should lead “to changes in the future processing of knowledge and learning”
(Simon et al., 2006, p. 294).

8. They are used as an “active process of exploration and discovery” (Boud, Keogh &
Walker, 1985, p.7).

9. They can help to “solve mathematics problems and understand mathematics” (Kaune,
2006, p. 351).
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1.1.2 Challenges faced in the construction and implementation of reflective questions in
the learning context

Despite the fact that the reflective questions are essential for enhancing students’
understanding of mathematics, sometimes they can also impact students negatively when
questions are not well designed and implemented in the learning context. The following are
some of the situations that might emerge from using reflective questions:

1. Coming to negative conclusions among students. It is often risky that if reflective
questions are not properly constructed and implemented, they may lead to negative
conclusions (Bormotova, 2010).

2. Providing a negative stimulus among students. Apart from the wrong information,
reflective questions can undermine the spirit of the students to respond on the
questions if the questions are unclear and vague and time to respond on the questions
are limited. Teachers should construct reflective questions that are clear and concept
oriented. Also, teachers should provide enough time for individual reflections.

1.1.3 Construction of reflective questions

Students have their own ways to reflect on the questions because of different ways of
thinking, understanding, and learning abilities. University instructors need to formulate and
implement reflective questions that show that the individual students understand the learned
mathematics to avoid students’ deceiving. The reflective questions should include questions
that demand explanation and reasoning including the questions like how and why?

2. Methods

This qualitative case study focused on exploring the research question: How do
reflective questions enhance university students’ understanding of a relation on a set? This
study was qualitative in nature because it was not meant to generalise the findings but
explorative in nature (Merriam, 1988; 1998).

Twelve undergraduate students (PSTs) volunteered, participating in a daylong research
meeting which started from 9:00am to 4:30 pm. They worked in small groups while
learning the concept of a relation on a set. There were four groups in the meeting and each
group consisted of three undergraduate students taking the Computer Networks and
Information Security Engineering program.

One tool was used to collect data—an individual reflective journal which was used to
collect data focused on relation on a set in the research meeting. The designed and
implemented reflective journal was informed by the work of Boaler’s (2015) creative
reflective questions.

The collected data were analysed using thematic analysis (Clarke & Braun, 2006) and
Boaler (2015) was used in naming categories focused on the ways reflective questions
enhanced undergraduate students’ understanding of a relation on a set.
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3. Findings

3.1 Sharing

In this aspect, university students responded to various reflective questions, including “What
did you learn while doing this activity on a relation on a set?” and “What surprised you about
attending the research meeting?” The paragraphs below present the responses provided by
participants.

The participants shared various learned ideas on a relation on a set through participating in
the research meeting including different types of definitions of a relation on a set. The
following are the quoted definitions provided by the participants in the meeting:

Relation on a set is a collection of ordered pairs. For example,
{(1,6),(2,3),(6,4),(3,2)} is arelation.

Relation on a set is a collection of objects such that object x is from the first set and
object y is from a second set. For example, in a family of mother with four children,
mother becomes object x while four children are objects y.

Relation on a set is a relationship between two different sets of information. For
example, A = {2,5,7,8,10,13} and A = {1,2,3,4,5}. In this case, sets A and B can be
related and equal to {(5,2), (2,1),(10,3),(13,4)}.

Relation on a set is a subset AxA of a set A which are in ordered pairs. For example,
let A = {1,2,3,4} in which ordered pairs are in the relation R = {(a, b)|a divides b}.
Here the relation R will be R = {(1,1), (2,1),(3,1), (4,1),(2,2), (4,2),(3,3), (4,4)}.
This is the relation on a set (a, b) which is in R where a, b are positive integers not
exceeding 4 and a divides b.

Relation on a set is a set of ordered pairs. For example, let A = {1,2,3} and B = {a, b}
when sets A and B interact form a single set known as relation R such that

R ={(1,0),(1,b),(2,a),(2,b),(3,a),(3,b)}

The participants also provided learned ideas of representing a relation on a set including
the following quotations:

Ways of representing a relation of a set pictorially. For instance, we can represent a
relation with four objects (mango, apple, cow and goat) in different ways, and can
yield the relation R = {(mango, apple), (cow, goat)}. In this relation, mango is
related to apple because both are fruits. Also, cows are related to goats because both
are domestic animals.

Ways of representing relations using equation methods. For instance,

R = {(x,y)|y = x + 2} is a relation.

Ways of representing a relation on a set using table value. For example, the relation
on a set can be represented in tabular form as shown below:

x[-110|1]2
yll|2]3|4
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This table value gives the relation for R = {(x,y)|[y=x+2} for—1<x <2
Also, by drawing the line for y = x 4+ 2 which passes through the points of intercepts
(0,2) and (—2,0).

The participants also learned three properties of a relation on a set in the research meeting.
The three properties are reflective, symmetric and transitive as quoted below:

o Reflexive; a relation Ron a set Bis called reflexive if |(b,b) € R Wb € R. For
example, (1,1),(2,2),(4,4) are reflexive in
R=1{(11),(12),(22),34),* 1,44}

e Symmetric; a relation R on a set A is called symmetric if|(b, a) € R whenever

(b, a)e Rwhenever (a,b) € RV(b,a) € A A relation R on a set A such that
(a,b) €R and only if g = bV(b,a) € A is called antisymmetric. For example,
(1,2),(2,1) are symmetric and (1,1), (2,2), (4,4) are antisymmetric in
R=1{(11),(12),(22), 34,41, (4N}

e Transitive; a relation R on a set A is transitive if whenever [(a, b) € Rand |(b,c) € R,

then (a, c) € R.

The participants also learned that function is a relation, but a relation is not necessary to be
a function. For example, the participant presents: “Function as a relation in the sense that
each possible input value leads to exactly one output value.”

The participants also presented the various surprised ideas on a relation on a set through
participating in the research meeting. The following are the quoted surprised ideas provided
by the individual participants in the meeting:

e | was surprised at the recurrence relation because first it’s a completely new concept
to me and just looks amazing on how a set can be built out of specific order but just
by considering one or two previous terms only.

e The most important thing that surprised me about a relation on a set through
participating in this course is about how to find the number of relations on a set.
Previously, I didn’t know that one can calculate or determine the number of relations
on a set by using a formula below.
number of relations = 2 where n is the number of elements in a given set. For
example, set B = {1,2}, so n = 2. number of relations = 2" = 2%° = 16

e | was surprised to see how a relation on a set can be used in computer programs.

e Before I did not know if it is possible to get a relation on a set using a single set but
after participating on this course, | found it possible to get a relation by using a single
set. For example, let A = {1,2,3,4} in which ordered pairs are in the relation
R = {(a, b)|a divides b}. Here the relation R will be

R ={(11),(21),(31),(41),(22),(42),(33),(44)}

e Relation on a set surprised me on how set relations are addressed in real life

situations. Example when | see on a set there is an arrangement of objects and that
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objects can relate to each other. It is like a database that is used to store some records
in our daily life activities such as in schools, hospitals, and business issues. People use
systems to record their data and those data have relationships to each other that make
it easy for making referential integrity among related data.

3.2 Processing

In this aspect, university students responded to various reflective questions, including “What

did you learn from this activity that you didn’t know before?”” and “What would you do if
you are asked to teach relations on a set so that students understand the concept?” The
paragraphs below present the responses provided by participants.

The participants processed the following quoted mathematical ideas on a relation on a set
through participating in the research meeting. This section starts presenting learned ideas on a
relation on a set that participants did not know before participating in the meeting followed
by the ways the participants could teach the concept of a relation on a set so that students
understand the concept.

There are various ideas that participants learned in the research meeting and that they did
not know before. The following quotations are examples of the individual participants’
responses:

e Operation of binary numbers—binary expansions and hexadecimal expansions. For
example, (1010111111), into binary expansion as (1010111111), = 1.28 + 1.27 +
1.26 + 1.25 + 1.2* + 1.2% + 1.2%2 + 1.2 + 1.2° = 351Also, expand (2AEOB), into
hexadecimal expansion as (2AEOB);¢ = 2.16* + 10.163 + 1.22 + 14.16 + 0.16 +
11 = (175627)4,

e Properties of relations i.e., reflexive, symmetric, and transitive.

e Combining relations. Example let A ={1,2,3} and B = {1,2,3,4}. Then, we can
construct relations from the two sets such as R; = {(1,1), (2,2), (3,3)} and
R, ={(1,1),(1,2),(1,3), (1,9}

Ry UR, = {(1,1),(22),33),(1,2), (1,3), (1} Ry N Ry = {(1,1)},
Ri — R, ={(2,2),(3,3)}.

e Composite of the relations; composite of R and S is denoted by [So R or [R o S. For
example, R = {(1,1), (1,4), (2,3),(3,1),(3,4)} and S is the relation from {1,2,3,4} to
{0,1,2} with S = {(1,0), (2,0), (3,1), (3,2), (4,1)}

SoRr ={(1,0),(1,1), 21, (22),3,0),(31)

e Relating a relation on a set with a real-life situation whereby daily life activities can be
grouped together into small objects as we did in the class.

e [ didn’t know that a function is a relation in which each input has only one output.
Where function is one kind of interrelationship among objects. For every finite
sequence of objects (called the arguments), a function associates a unique object
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(called the value). In fact, every function is a relation. However, not every relation is a
function.

The concept that 1 was not aware before participating in this meeting is that sets can
relate to each other. In ordinary secondary level studies, we were taught the relations
between numbers and it was based on the theory part but in this meeting, | have learnt
both theory and practical point of view on relations on a set. For example, the relations
between international communities like East African Community (EAC), United
Nations (UN), African Union (AU), and Southern African Development Community
(SADC) are hand in hand; each related to their member countries.

The participants also presented the ways that they could teach relations on a set so that
students come to understand the concept after participating in the research meeting. All the
responses focused on using real life examples, including family relationships. The following
are the quoted processed ideas provided by the individual participants in the meeting:

The concept of a relation on a set can be well explained to the students by taking real
life examples such as family as a set of fathers and their children. Also, relation can
be explained well by taking a set of presidents and their ruling nations. These two
examples will make students understand the concept since many children can belong
to one father, but two fathers cannot have one child. Also, a nation which is led by the
president, every nation has only one current president.

Relations on a set can be taught well by using our daily life situations like vivid
examples between parents which are mother and father consisting of three children
which are Juma, Amina, and Mussa. Therefore, the relation between parents and
children forms Six pairs of a set which are:

{( father, Juma), (father, Amina), (father, Musa), (mother, Juma), (mother, Amina),

(mother, Musa)

For my point of view, when | am about to be given a chance to teach a relation on a
set, | use a contemporary example which exists in my society that students can
understand well. For example, family level examples such as a relation between
mother and father with their children. Then, I introduce the difference between a
relation on a set and a function. Then, | address the properties of a relation on a set
followed by combining relations and ending with a composite of the relation. All the
time, | should ensure equal participation of students and give various examples and
tasks for them to participate while delivering the lesson so that they can be active
learners and then understand the lesson. Also, | give inspirational gifts for those
students who answer questions well to influence others and be attentive during lesson
delivery.

| can teach students the relation on a set by giving vivid examples in real life and
drawing a pictorial diagram so that they can easily understand. For example, | can
give an example of a mother with two children (Ali and Juma). The relation of mother
on her children is R = {(mother, Ali), (mother, Juma)}. In this case, a mother can
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have more than one child (one-to-many relation) but a child cannot have more than
one mother (one-to-one relation).

3.3 Generalising

In this aspect, university students responded to various reflective questions, including “What
key points have you learned through participating in the research meeting?” and “What
advice would you give to someone who wants to do this activity for teaching students in
mathematics classes?” The paragraphs below present the responses provided by participants.

The participants generalised the following quoted mathematical ideas on a relation on a set
through participating in the research meeting. This section starts presenting key points
learned ideas on a relation on a set in the meeting followed by advice provided by the
participants to someone who wants to work on the activity based on a relation on a set.

There are various key points learned by the individual participants in the research meeting.
The following quotations are examples of the individual participants’ responses:

e [ can use different strategies to enhance students’ understanding. First, I can
explain the meaning of a relation on a set by giving the meaning and explanations
on the concept. Second, by giving examples that are related to our daily life,
which is observable to everyone, by doing this will help students to understand
easier and remember the learned concept. Third, by illustrating examples that |
have given to them by using graphical and tabular forms.

e | can teach a relation on a set using real objects around our environment that can
make students understand the concept relationally instead of using a theoretical
approach.

e | can teach a relation on a set by referring to real examples that are available in
daily life such as maize, rice, millet, sorghum and beans, which are grouped
together as food crops. Therefore, they are related to food crops. Also, diamonds,
golds, and tanzanite, which are grouped together as minerals. Therefore, they
relate to each other as minerals.

Individual participants also provided some advice to someone who wants to work on the
activity based on a set to teach students in mathematics classes. The following quotations are
examples of the individual participants’ responses:

e She/he should use the following teaching techniques on the concept of relation on
a set.
I. By introducing the concept of a relation on a set to the students.
ii. By allowing students’ discussions and participation on the concept.
iii. By summarising the concept to the students.
iv. By providing questions, tests, and questions to increase their ability and
awareness on the concept.
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e She/he should teach the concept in the following ways:
i. By introducing the concept of a relation on a set with examples.

ii. By demonstrating the concept of a relation of a set using examples in real
life situations/environment.

iii. By showing how to present a relation on a set by using roster and builder
methods.

Iv. By presenting the properties of a relation on a set.

v. By setting time for students to ask questions about the concept.

vi. By assigning students’ group discussions so that students discuss and learn
from each other about the concept.
vii. By providing other learning materials that may be used to develop

students’ in-depth understanding of the concept.
3.4 Applying
After university students’ participation in the research meeting, individual students realised
the ways that they can use what they learned in the meeting in different teaching and learning
contexts. The following quotations are some of the individual participants’ responses to the
reflective question: “How can you use what you have learned in the research meeting in
relation to a set?”

e | can use the following methods/strategies in teaching and learning process on relation
on a set:

i. Real life applications—when students are learning mathematics in the
classroom, it is often limited to memorization of formulas, which can lead
to students’ difficulty in learning and lose interest in the subject. To
combat this problem, problem-based learning should be implemented on
the concept while using real life examples.

ii.  Students’ collaborative work when teaching—in collaborative learning,
students work in small groups and support each other so that they increase
their mathematics competencies as well as opportunities for individual
students to get help.

e | can ensure | give emphasis on relation on a set by focusing on the applications of the
concept in real life. For instance, in our research meeting, we used some papers,
calculators, theorems and equations to solve the problems and relate this concept with
real life situations.

3 Discussions

Students link both theoretical and practical perspectives on relation on a set. Before
attending the research meeting, individual students were aware of the theory underpinning the
concept of a relation on a set, but they were not aware how to connect the concept with real
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life examples, including using the family relationship. However, after participating in the
meeting, they realise how the concept is connected in our daily life by working on the family
relationship. Connecting the concept to real life examples and applications is critical because
students avoid rote, enhance higher order thinking, and realise that mathematics is not
abstract; it is applicable in daily life situations (Ben-Hur, 2006; Deogratias, 2020).

University students also realise that the concept of a relation on a set has multiple
definitions. Before participating in the research meeting, the students thought that the concept
has only one definition, namely, “a set of ordered pairs”. After participating in the meeting,
students provided multiple responses on a reflective question: “What do you understand by a
relation on a set? Write as many possible definitions as you can.” Some of the responses
include: “A set of ordered pairs”, “a collection of ordered pairs”, “a collection of objects such
that object x is from the first set and object y is from a second set”, “a relationship between
two different sets of information”, and “a subset AxA of a set A which are in ordered pairs.”
These responses entail that reflective questions are critical to develop learners’
understandings of various definitions on a concept (Deogratias, 2020, 2022; Ben-Hur, 2006).
These multiple responses are a result of using open questions that give opportunities for
individual students to express their opinions flexibly and openly (Deogratias, 2020; Ben-Hur,
2006).

4 Conclusion

Ben-Hur (2006) states that students’ reflections can be a real solution to various problems,
including understanding of a mathematical concept, identifying errors and misconceptions
and correcting them, thinking in higher-order, connecting mathematics with real things
available in daily life, and communicating mathematically. These advantages of students’
reflections are evidenced in the North American context in mathematics classes for secondary
schools.

Deogratias (2020) also explored the concept-rich instruction in Tanzanian context by
working with university mathematics pre-service teachers. In his study, he used individual
and collective reflective journals as one of the tools for data collection. He also found that
students’ reflections were critical for development of their ongoing learning of the concept of
pi through their participation in concept-rich instructional activities. For instance, some of the
students’ responses on reflective questions illustrated in this paper help to recognize how to
design and implement reflective questions in university mathematics classes. Implementation
of reflective questions in mathematics classes help students to realise what they know and
need to know about a concept for their ongoing learning of a mathematical concept as well as
understanding of the concept.

As it is, mathematics instruction suffers from being disconnected with real-life
applications/examples. This is especially the case in undergraduate and advanced secondary
levels, where many students struggle to connect a mathematical concept with what they see in
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their life environment in the area of its applications. In the adoption of reflective questions as
one of the instructional strategies, there is an opportunity for students to connect a
mathematical concept with real-life applications.

The reflective questions like “How can you use a relation on a set in your daily life
environment?” and “Give examples of a relation on a set in your daily life situation.” help
students connect the concept with other mathematics within the field of mathematics, other
fields including physics, biology and chemistry, and daily life environment. If these
constructions of reflective questions are intelligible to the students, then those students draw
upon mathematics beyond abstract to practices. In doing so, students attain relational learning
and understanding of a mathematical concept.

University mathematics instructors can open a conversation with individual
students/groups by inviting them to respond to reflective questions during delivering the
lesson and at the end of the instructional process. Such reflections based on a mathematical
concept would enhance metacognition and communication and serve both students to
understand the concept and achieve learning.
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