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Abstract
Rough Set Theory (RST) is a mathematical method used in reasoning and information
extraction for expert systems. RST makes incomplete, inadequate or ambiguous information
appropriate for data analysis by editing it. Today, incomplete data are found in many datasets.
Extracting rules from these incomplete data, which are frequently found in disease data, is
extremely important in the diagnosis of diseases. In this study, an algorithm previously
proposed and extracting fuzzy rules from datasets containing only “do not care” missing
attribute value by RST was developed in a way that it can extract fuzzy rules from datasets
containing missing attribute value in both “do not care” and “lost” type. The algorithm
developed was applied to the dataset of thyroid disease and certain and possible fuzzy rules
were obtained for the diagnosis of the disease. The performance of the algorithm was
investigated on six different datasets that had “do not care” and “lost” kinds of missing
attribute values in different numbers. It was found that the algorithm generally produced
successful and consistent rules in the datasets that had “do not care” and “lost” missing
attribute values.
Keywords: Rough set theory, incomplete data, fuzzy rule, rule extraction, thyroid disease.

1. Introduction
The Rough Set Theory (RST) (Pawlak, 1982), which was proposed by Pawlak in 1982, is a
mathematical method used to extract information from indefinite and incomplete data
(Pawlak, 2012). The RST, which is based on the equivalence class concept, has applications
in many fields, such as medicine, finance, data mining, artificial intelligence, machine
learning, classification, data reduction, rule discovery and incomplete data reasoning.
Many learning approaches extract rules from complete datasets. However, an existing
dataset may not always be complete. If some attribute values are not known in a dataset, it is
called an incomplete dataset. The techniques, which were developed to obtain decision rules
from incomplete data systems, apply different methods to manage incomplete data. Examples
of these methods include the replacement of the missing value with the most commonly used
value for that attribute, replacement of it with the average value of that attribute for numeric
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attribute values, the assignment of all possible values of the attribute, or the deletion of the
objects that have missing attributes (Grzymala-Busse, 2008). RST provides a natural method
for dealing with inconsistent and incomplete data, which is the main problem with rule
extraction and classification. In this theory, the rule extraction process is carried out with
approximations, and the size of the dataset does not change.
In the literature, RST has applications in many different fields, which include determining
the interest and preference of the TV viewers (Jayasuruthi et al., 2018), secure end-to-end
network communication (Wu et al., 2020), noise cancellation in infrared images (Jia et al.,
2021), medical diagnosis of heart disease (Nabwey, 2020), classification of texts (Cekik &
Uysal, 2020), methods for identifying and using incomplete data (Çekik & Telçeken, 2018;
Luo et al., 2020; Nakata et al., 2020), dynamic incomplete data processing (Luo et al., 2017),
and eliminating the incomplete data in smart city services (Abdel-Basset & Mohamed, 2018).
In this study, an algorithm to obtain certain and possible fuzzy rules from a dataset with
quantitative values and only “do not care” type of missing attribute values was developed to
be applied to datasets with different types of missing attribute values (“do not care” and
“lost”). This developed algorithm was applied to thyroid disease data. The algorithm was
tested on six different datasets with “do not care” and “lost” attribute values in different
numbers and the certain and possible fuzzy rules obtained were evaluated.
The rest of the paper is organized as follows: Section 2 gives background information
about rough set. Section 3 defines the missing attribute values and characteristic relations.
Section 4 presents the method which extracts of fuzzy rules from an incomplete quantitative
dataset. Section 5 shows the experimental results. Finally, Section 6 concludes the paper.

2. Rough Set Theory
Proposed by Zdzislaw Pawlak (Pawlak, 1982) in 1982, RST is a mathematical method that
overcomes uncertainties and doubts. As in fuzzy sets, RST does not accept exact limitations.
Data are stored in RST as a table consisting of conditions and decision attributes. RST uses
the concept of an equivalence class to separate training data into sections according to certain
criteria. Two types of sections are created in its learning process, as lower approximation and
upper approximation. From these concepts, which constitute the basis of RST, certain rules
are obtained with the help of lower approximations, and possible rules are obtained with the
help of upper approximations. In this theory, some basic concepts can be explained as follows
(Walczak & Massart, 1999).
2.1. Information system
An information system is defined as given in Equation 1, with U is a finite set of objects,
and A is the set of attributes.
𝐼𝑆 = (𝑈, 𝐴)
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(1)

Each attribute (𝑎 ∈ 𝐴) defines an information function. If 𝑉𝑎 refers to the definition set of
attribute a, the information function is shown as 𝑓𝑎 : 𝑈 → 𝑉𝑎 .
2.2. Indiscernibility relation
If 𝐵 ⊂ 𝐴, the indiscernibility relation is shown as IND(B) for each set of attributes. For
∀𝑏 ⊂ 𝐵, if 𝑏(𝑥𝑖 ) = 𝑏(𝑥𝑗 ), 𝑋𝑖 and 𝑋𝑗 objects are indistinguishable by the B set of attributes in
A. The IND(B) equivalence class is called the elementary set in B since it forms the smallest
discernible group of the objects.
2.3. Lower and Upper approximations
RST is established on two ideas as lower and upper approximation, which refer to elements
that definitely belong to the set and elements that are likely to belong to the cluster. Let X
show the subset of elements in U universe (X⊂U). The lower approximation of X in B is
shown as BX if B⊆A, and is defined in Equation 2 as the combination of all the elementary
sets in X.
𝐵𝑋 = {𝑥𝑖 ∈ 𝑈 |[𝑥𝑖 ]𝐼𝑁𝐷(𝐵) ⊂ 𝑋}

(2)

The upper approximation of X is shown as BX and is expressed in Equation 3 as the
combination of elementary sets whose intersection with X is not an empty set.
𝐵𝑋 = {𝑥𝑖 ∈ 𝑈|[𝑥𝑖 ]𝐼𝑁𝐷(𝐵) ∩ 𝑋 ≠ 0}

(3)

3. Missing Attribute Values and Characteristic Relations
Decision tables, which define conditions by using attribute values and decisions, are used
in RST. In many studies conducted on RST, it is considered that data are complete. However,
the input values in the decision table might have missing attribute and decision values. In
studies aimed to discover data from examples, an example that has missing decision values is
unusable in terms of classification. For this reason, it is assumed that only attribute values
may be missing. An attribute value may be missing for two reasons, the first is that the value
is lost (deleted, for instance). In such a case, although the attribute value is useful, the value is
not accessible, and is shown with the symbol “?”. The second reason is that the value is
insignificant and may be replaced by any possible value of attribute. Such values are called
“do not care”, and are shown with the symbol “*” (Grzymala-Busse, 2006).
Tables with missing attribute values are defined by characteristic relationships rather than
indiscernibility relationships. Table 1 may be given as an example to an incomplete decision
table referring to the 𝑎1 ,𝑎2 and 𝑎3 condition attributes; 𝑑 is the attribute of the decision. As
seen, Table 1 has both “do not care” and “lost” attribute values.
Table 1: A decision table that contains missing attribute values
𝑎1
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𝑎2

𝑎3

𝑑

𝑥1

1

1

1

3

𝑥2

0

?

0

1

𝑥3

*

*

1

2

0
1
0
Let each decision table be 𝑥4
as “ɡ”. This function is 𝑥
1
0
?
5
ordered
pairs
(case,
table, such as the one given in Table 1, which contains
attribute values, the characteristic relation R(B) on set U
(Grzymala-Busse, 2006).

defined as a function, such
expressed as the set of
2
attribute). For a decision
“lost” and “do not care” missing
is defined as given in Equation 4
2

(𝑥, 𝑦) ∈ 𝑅(𝐵) if and only ɡ (𝑥, 𝑎) = ɡ (𝑦, 𝑎) or ɡ (𝑥, 𝑎) = ∗ or ɡ (𝑦, 𝑎) = ∗
For all 𝑎 ∈ 𝐵 so that ɡ (𝑥, 𝑎) ≠?

(4)

Let B be a non-empty subset of A ,and 𝑥, 𝑦 ∈ 𝑈, the 𝑅(𝐵) characteristic relationship may be
shown as 𝐶𝐵(𝑥) characteristic set given in Equation 5(Grzymala-Busse, 2006).
𝐶𝐵(𝑥) = {𝑦 | (𝑥, 𝑦) ∈ 𝑅(𝐵)}

(5)

For Table 1, 𝐶𝐴(𝑥) characteristic sets are shown as follows:
CA(𝑥1 ) = {1, 3}, CA(𝑥2 ) = {2, 4}, CA(𝑥3 ) = {1,3}, CA(𝑥4 ) = {4}, CA(𝑥5 ) = {3, 5}.

4. Extraction of Fuzzy Rules from an Incomplete Quantitative Dataset
Hong et al. (Hong et al., 2002) proposed an algorithm using RST to obtain certain and
possible fuzzy rules from the incomplete quantitative value dataset and to estimate the
missing attribute values. This algorithm was proposed only for the datasets with “do not care”
missing attribute values. In this study, the algorithm was developed in a way to be applied to
datasets containing “do not care” and “lost” attribute values. It was ensured that the algorithm
could also be applied to “lost” missing attribute values after editing the steps associated with
the notation and estimation of incomplete data in the original algorithm.
The Algorithm Developed:
1. Divide the objects of the same 𝐶𝐿 class into subsets according to class values, showing
them as 𝑥𝐿 .
2. If 𝑖 = 1, … , 𝑛 and 𝑗 = 1 … 𝑚 , show the 𝑣𝑖𝑗 , which is the quantitative value of the object 𝑂𝑖
for each 𝐴𝑗 attribute as the 𝑓𝑖𝑗 fuzzy set by using the membership function given in Equation
6.
𝑓𝑖𝑗𝑙
𝑓𝑖𝑗1
𝑓𝑖𝑗2
+
+
⋯
+
(6)
𝑅
𝑅
𝑅
𝑗1

𝑗2

𝑗𝑙

In Equation 6, the number of fuzzy areas for 𝐴𝑗 attribute is shown with L, the k.fuzzy area is
shown with 𝑅𝑗𝑘 , and the fuzzy membership value of 𝑣𝑖𝑗 in 𝑅𝑗𝑘 is shown with 𝑓𝑖𝑗 . If the 𝑂𝑖
object has a missing value for 𝐴𝑗 attribute, the value of the attribute is shown with * or ?.
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3. Create fuzzy incomplete elementary sets for the attributes. If the 𝑂𝑖 object has a certain
fuzzy membership value in 𝐴𝑗 , write the (𝑂𝑖 , 𝑐) expression to the fuzzy incomplete
equivalence class; if it has a “do not care” attribute value (*), write (𝑂𝑖 , 𝑢) expression, and if it
has “lost” attribute value(?), write (𝑂𝑖 , 𝑙). Calculate the membership value of the fuzzy
incomplete class for 𝐴𝑗 = 𝑅𝑗𝑘 as 𝑂𝑖 certain and 𝑓𝑖𝑗𝑘 ≠ 0 according to Equation 7.
𝜇𝐴𝑗𝑘 =min 𝑓𝑖𝑗
(7)
𝑘

𝑖

4. Start with s=1 (s is the counter referring to the number of attributes operated for fuzzy
incomplete lower approximations at the time).
5. Calculate the fuzzy incomplete lower approximation of each B subset, which consists of s
attributes for each 𝑋𝐿 class according to Equation 8.
𝐵∗ (𝑋𝐿 ) = {(𝐵𝑘 (𝑂𝑖 ), 𝜇𝐵𝑘 (𝑂𝑖 )) , 1 ≤ 𝑖 ≤ 𝑛, 𝑂𝑖 ∈ 𝑋𝐿 , 𝐵𝑐𝑘 (𝑂𝑖 ) ⊆ 𝑋𝐿 , 1 ≤ 𝑘 ≤ |𝐵(𝑂𝑖 )|}
(8)
In Equation 8, 𝐵(𝑂𝑖 ) refers to the set of the fuzzy incomplete equivalence class that includes
𝑂𝑖 objects, and 𝐵𝑐𝑘 (𝑂𝑖 ) shows the certain part of the kth fuzzy incomplete equivalence class
in 𝐵(𝑂𝑖 ).
6. Apply the following steps for each uncertain 𝑂𝑖 object (“do not care” or “lost”) in fuzzy
incomplete lower approximation.
(6.a) If the 𝑂𝑖 object is only in 𝐵𝑐𝑘 (𝑂𝑖 ) fuzzy incomplete equivalence class from the B
attribute subset in fuzzy incomplete lower approximation, calculate the uncertain value of 𝑂𝑖
according to Equation 9.

v

rj
Or Bck ( Oi )

 f rjk

f

(9)

rjk
Or Bck ( Oi )

𝑣𝑟𝑗 is the quantitative value of the object 𝑂𝑟 for 𝐴𝑗 attribute. 𝑓𝑟𝑗𝑘 is the fuzzy membership
value of 𝑣𝑟𝑗 in 𝑅𝑘𝐵 which is the kth area combination. Convert the 𝑂𝑖 value that is calculated
according to Equation 9 into a fuzzy set. In other words, delete the expression (𝑂𝑖 ,u) or (𝑂𝑖 ,l)
in fuzzy incomplete equivalence class and change as (𝑂𝑖 ,c). Calculate the membership values
of fuzzy incomplete equivalence classes that contain this attribute again. Go back to the fuzzy
incomplete lower approximations.
(6.b) If the 𝑂𝑖 object is included in more than one fuzzy incomplete equivalence class in a
fuzzy incomplete lower approximation, defer the estimation until it is determined by more
attributes.
7. Increase s (s=s+1). Repeat steps 5, 6 and 7 as long as 𝑠 ≤ 𝑚.
8. If the Oi object continues to be in more than one fuzzy incomplete equivalence class in a
fuzzy lower approximation, equivalence class with the maximum scalar cardinality is used to
estimate the value of the object. Estimation and processing are carried out as described in Step
(6a).
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9. For each B subset, create certain fuzzy rules from the fuzzy incomplete lower
approximation, and identify the effectiveness measure value of the rule according to the
membership values of the equivalence classes in lower approximation.
10. From the obtained certain fuzzy rules, delete the ones whose condition parts are more
specialized, and those whose effectiveness measure values are equal to or less than other
certain fuzzy rules.
11. Set s=1 (s is the counter referring to the number of attributes operated at that time for
fuzzy incomplete upper approximations).
12. Calculate the fuzzy incomplete upper approximation of each B subset, which consists of s
attributes for each 𝑋𝐿 class according to Equation 10.
𝐵 ∗ (𝑋𝐿 ) = {(𝐵𝑘 (𝑂𝑖 ), 𝜇𝐵𝑘 (𝑂𝑖 )) , 1 ≤ 𝑖 ≤ 𝑛, 𝐵𝑐𝑘 (𝑂𝑖 ) ∩ 𝑋𝐿 ≠ ∅, 𝐵𝑐𝑘 (𝑂𝑖 ) ⊄ 𝑋𝐿 , 1 ≤ 𝑘 ≤
|𝐵(𝑂𝑖 )|}
(10)
13. Follow the steps given below for each uncertain 𝑂𝑖 object in fuzzy incomplete upper
approximation.
(13.a) If the 𝑂𝑖 object is only in 𝐵𝑐𝑘 (𝑂𝑖 ) fuzzy incomplete equivalence class from the B
attribute subset in fuzzy incomplete upper approximation, calculate the uncertain value of 𝑂𝑖
according to Equation 11.

v

f

rj
rjk
Or Bck ( Oi )&O r X L

f

(11)

rjk
Or Bck ( Oi )&O r X L

Convert the 𝑂𝑖 value that is calculated according to Equation 11 into a fuzzy set. Delete (𝑂𝑖 ,u)
or (𝑂𝑖 ,l) expression in fuzzy incomplete equivalence class, and change as (𝑂𝑖 ,c). Calculate the
membership values of fuzzy incomplete equivalence classes that contain this attribute again.
Go back to the fuzzy incomplete upper approximations.
(13.b) If the 𝑂𝑖 object is in more than one fuzzy incomplete equivalence class in fuzzy
incomplete upper approximation,defer the estimation until it is determined by more attributes.
14. Increase s (s=s+1). As long as 𝑠 ≤ 𝑚, repeat steps 12, 13, and 14.
15. For each 𝑋𝐿 class, calculate the plausibility measure of each fuzzy incomplete
equivalence class in upper approximation according to Equation 12.

P( Bck (Oi )) 

f

rjk
Or Bck ( Oi )&Or X L

f

(12)

rjk
O r Bck ( Oi )

In Equation 12, 𝑓𝑟𝑗𝑘 refers to the fuzzy membership value of 𝑂𝑟 value for 𝐴𝑗 attribute in 𝑅𝑘𝐵 ,
the kth area combination.
16. If the 𝑂𝑖 object continues to be in more than one fuzzy incomplete equivalence class in
the fuzzy incomplete upper approximation, the maximum plausibility measured equivalence
class is used to estimate the value of the object. The estimating and process are carried out as
described in Step (13a).
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17. Due to estimated objects, create possible fuzzy rules from fuzzy incomplete upper
approximations for each recalculated B subset with plausibility value, and determine the
effectiveness of the rule according to the membership values of the equivalence classes in
upper approximation.
18. From the obtained possible fuzzy rules, delete those whose condition parts are more
specialized and those whose measures of both effectiveness and plausibility are equal to or
less than other possible fuzzy rules or certain fuzzy rules.
19. Display obtained rules.

5. Experimental Results
In this section, the algorithm that was developed was tested on thyroid disease data that
were obtained from UCI Machine Learning Repository (Dua & Graff, 2019), and the resulting
rules were evaluated. A total of 100 thyroid disease data were taken for the experimental
study. This dataset consisted of one decision attribute and four condition attributes. The
decision attribute received three different values, and was classified according to its value (1
= normal thyroid, 2 = hyper thyroid, 3 = hypo thyroid). There were four condition attributes,
which are Total Serum Thyroxine amount (TST), Total Serum Triiodothyronine amount
(TSTR), Basal Thyroid Stimulating Hormone amount (TSH), and the amount of maximum
absolute difference of TSH (DTSH). These condition attributes refer to the quantitative values
of the hormone amounts that have an effect on the disease. Since the developed algorithm
works on incomplete data, “do not care” or “lost” attribute values, these were inserted in the
thyroid data in random attribute values. Then, the data were made fuzzy by using the
membership functions given in Figure 1. Normal thyroid was expressed as ‘N’, Hyper thyroid
as ‘HPR’, and Hypo thyroid as ‘HPO’ in membership functions. Firstly, the elementary sets,
and then the lower and upper approximations were calculated by increasing the number of
attributes in each iteration. Based on the resulting approximations, the “do not care” and
“lost” attribute values were estimated. According to the approximations obtained in each
iteration, certain rules were extracted from lower approximations, and possible rules from
upper approximations. Finally, the rules whose left side is more specialized, or those whose
left side is the same and whose measure of effectiveness and plausibility is equal to or lower
than other rules, were deleted.
Figure 1: Membership functions (a) Membership functions for TST attribute (b) Membership functions for
TSTR attribute (c) Membership functions for TSH attribute (d) Membership functions for DTSH qualification

21

The algorithm was tested for six different datasets that were obtained by changing the
numbers and types of missing attribute values in the dataset. The features for these datasets
are given in Table 2.
Table 2: Features of the tested datasets
Datasets

“do not care”
attribute
value count

“lost”
attribute
value count

DS1

11

5

DS2

16

0

DS3

0

16

DS4

22

5

DS5

11

10

DS6

22

10

The certain and possible rules for DS1 dataset are listed in Figure 2. The f value refers to the
effectiveness measure of the rule, and the p value refers to the plausibility measure of the rule.
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Figure 2: Rules obtained from DS1

Table 3: Comparison of rules obtained from datasets
Certain
rule
count

Possible
rule
count

Certain
rule
count
after
deletion

Possible
rule
count
after
deletion

Possible
rule count
consistent
with
certain
rules

Possible rule
count
inconsistent
with certain
rules

Newly
found
possible
rule
count

Rate of
consistent
rules

Rate of
inconsistent
rules

Rate
of
new
rules

Success
rate

DS1

70

239

10

11

6

1

4

%55

%9

%36

%91

DS2

75

255

12

12

6

2

4

%50

%17

%33

%83

DS3

80

251

23

11

4

7

0

%36

%64

%0

%36

DS4

85

263

13

12

9

2

1

%75

%17

%8

%83

DS5

65

257

10

11

5

2

4

%46

%18

%36

%82

DS6

75

287

13

12

9

2

1

%75

%17

%8

%83

The rules obtained by running the algorithm on six different datasets whose features are
given in Table 2 were evaluated, and the results are given comparatively in Table 3. The
certain and possible number of rules obtained from the datasets is shown in columns 1 and 2
in the table. The rules whose left sides were more specialized or the ones with the same left
side, which had equal or lower effectiveness or plausibility value, were identified and deleted.
The remaining number of certain and possible rules is shown in columns 3 and 4 in the table.
After these rules were examined, the number of possible rules that were consistent with
certain rules, those that were inconsistent and those that were newly found (i.e. different) were
determined, and are given in columns 5, 6, and 7, respectively in the table. The rate of
possible rules that were consistent, inconsistent and new are shown in columns 8, 9, and 10 in
the table, respectively, and the possible rule success rate for each dataset is shown in the last
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column. When the rules obtained from DS1 shown in Figure 2 were examined, it was seen
that the 10th possible rule was inconsistent with the certain rules, the possible rules 4, 5, 6,
and 9 were new rules, and the remaining rules were consistent with the certain rules.
When Table 3 is examined, it is seen that the inconsistent rule rate increased and the rate of
consistent and new rules decreased in DS2, where there was only “do not care” missing value.
In DS3, in which all the missing values were “lost”, no new rules were obtained, consistent
rule rate decreased and the highest inconsistent rule rate was achieved compared to the other
datasets. The consistent and inconsistent rule rate increased and the new rule rate decreased in
DS4, which contained twice as much “do not care” missing data compared to DS1. The
consistent rule rate decreased, the inconsistent rule rate increased, and the new rule rate
remained the same in DS5, which contained twice as much “lost” data as DS1. Consistent
and inconsistent rule rates increased and the new rule rate decreased in DS6, which
contained twice as much “do not care” and “lost” data compared to DS1. The highest success
rate was achieved in DS1, and the lowest one in DS3. The same success rate (83%) was
achieved in DS2, DS4, and DS6 in which the number of “do not care” missing attributes was
increased. In DS5, in which the number of “lost” attributes was increased, a very close
success rate (82%) was achieved to the rate of the datasets that were obtained by increasing
the number of ”do not care” attributes.
According to these results, it can be argued that the algorithm increases the inconsistent
rule rates in the datasets which only have the “lost” type of missing attribute values and
decreases the rate of consistent and new rules. It was determined that the increase in the
number of “do not care” missing data causes increased rates of inconsistent rules and
decreased rates of new rules. “Lost” missing values are those that are required but somehow
unreachable. For this reason, the increase in such missing values in the dataset resulted in
decreased performance. Although the increase in “do not care” values did not affect
performance as much as the increase in “lost” values, it increased the rate of inconsistent
rules. For this reason, it caused a decreased success rates.

6. CONCLUSIONS
Incomplete data are found in many datasets in the present day. One of the techniques that
can be used to extract rules from incomplete data is the Rough Set Theory. There might be
missing values with different features in a dataset. Changes in the type and number of missing
attribute values affect the accuracy of the rules to be obtained. With the algorithm that was
developed in this study, certain and possible rules were obtained with six different datasets
that had different numbers and types of missing attribute values. The algorithm generally
produced successful and consistent rules in the datasets that had “do not care” and “lost”
attribute values. The increase in the number of missing attribute values in the datasets also
reduced the possible rule success of datasets, which was more significant only in the dataset
with “lost” missing attribute values. Further studies can be conducted to increase the success
of the algorithm in datasets that have “lost” attribute values.
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