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Abstract.
This paper presents a new method to factorize semi-primes using simple polynomials.We
consider a semi-prime, whose factors are both congruent as represented by:According to
Fermat’s Christmas Theorem, a sum of two squares can be found for each prime and two
sums of two squares for the semi-prime . Using this property, we propose a new method to
find the first of these sums of two squares and once this is known, the Brahmagupta identity is
used to find the second sum of two squares. Subsequently, a modified Euler factorization is
applied to recover the two prime constructs of the semi-prime. The correctness of our new
factorisation method is established with mathematical proofs.
Keywords: semi-prime factorization, Brahmagupta identity, Euler’s factorisation, encryption
key

1. Introduction
Integer factorization into prime factors has been a challenge mathematically, and large
number factorization is computationally very difficult. This property of semi-prime
facrorization has interesting applications in cryptosystems for secure digital communications.
Since factorization of large semi-primes used for Rivest–Shamir–Adleman (RSA) encryption
keys results in breaking the corresponding cryptosystem, recent research attention dwells in
developing new factorization methods. Hence, in this paper we propose a new semi-prime
factorization method using simple polynomials. The existing methods found in literature are
very much different from our original approach presented here.
A triangular number counts the number of points contained by an equilateral triangle. The
sequence of triangular numbers, On-Line Encyclopaedia of Integer Sequences (OEIS)
sequence A000217 (Sloane, 2015). Any two consecutive triangular numbers form a perfect
square, OEIS sequence A000290 (Sloane, 2010).
A000217 0,1,3,6,10,15,21,28,36,45,55,66,78, 91,105,120,136,153,171,...
25

A000290 0,1,4,9,16,25,36,49,64,81,100,121,144,169,196,225,256,289,324,…
A prime congruent to 1 mod 4 has a representation as two squares according to Fermat’s
Christmas Theorem (Zagier, 1990). These two squares are an integer apart. In consideration
of the two squares having opposite parity, the integer separating these two squares is odd
(Overmars et al., 2019). This reduces the search by half.
A semi-prime whose construct is of two such primes, for each the sum of two squares,
produces a sum of four squares. It Is long proven mathematically that this sum of four squares
relates to the two sums of two squares that represents the semi-prime (Fibonacci, 1225). Euler
showed how these two sums of two squares could recover the two prime constructs of the
semi-prime, thereby providing its factorization (McKee, 1996). The semi-prime
representation of these two sums of two squares are also separated by constant.
This paper develops a method to find this constant. The significance of this constant, is that
this is a rational representation of the sum of the two squares of one of the original prime
constructs. The connection to Euler’s factorization can be used to validate this rational
representation, thereby providing a direct method to the factorization of the semi-prime. The
appropriate proofs are provided.
Comparisons with earlier works are made and the similarities with Euler’s method and
existing works are noted (Hermite, 1972; Brillhart, 1972; Williams, 1884). We believe our
simple semi-prime factorization method would open new research and application in the areas
of crypto synthesis and cryptanalysis.

2. Proposed Semi-Prime Factorization Method with Mathematical Proofs
In this section, we propose a new method to factorise a semi-prime,

, whose

factors
and
are both congruent to modulo 4, i.e.
. Thi is according
to Fermat’s Christmas Theorem, where a sum of two squares can be found for each prime and
two sums of two squares for the semi-prime . We provide the mathematical definitions,
properties, and our derivations along with proofs as follows.
Let us first consider triangle numbers which are given by
(1)
The sum of two consecutive numbers is a square
(2)
A prime congruent to

has a representation as two squares according to Fermat’s

Christmas Theorem. Similarly, the semi-prime

also has a sum of two squares

representation. These two squares are an integer , apart. Let such a square representation be
(3)
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(4)
(5)
Using equation (1) we have,

(6)
(7)
Solutions for

are given by
(8)

The parity of these two squares for both the primes and the semi-prime, is odd-even. As such
these two squares are an odd integer , apart. We consider the absolute values because they
are squared.
Solutions exist for
Proof:
It is sufficient to prove

is a perfect square when

From equation (8),

is a perfect square

◽
For

◽

,

Let always be odd
2019), equation (7) becomes

as per previous work (Overmars & Venkatraman,

⟹
And solutions for

(9)

(10)

from equation (8) are given by
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(11)
Example: For

From Overmars & Venkatraman (2019),

As

becomes large, finding

becomes more difficult. Finding either

is

still computationally feasible. Once
becomes known a method for finding the
other sum of two squares based upon the known sum of two squares is now provided.

From Brahmagupta [5]

(12)
(13)
⟹

(14)

(14) - (13)
(15)
(13) + (14)
From equation (15), substituting for

we get:
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(16)
(17)

3. Conclusion and Future Work
In this paper, we began with the properties of two triangle numbers that form a square
(Sierpinski, 2011). Two such squares can be used to describe a prime number congruent to
as per Fermat’s Christmas Theorem. This was extended further in consideration of
the odd/even parity of the two squares. The two squares are an odd integer apart. Equation
(10) gives a polynomial whose integer solutions are given by equation (11). In earlier work]
we showed that for a semi-prime whose construction was from two primes congruent to
, two sums of two squares exists (Overmars & Venkatraman, 2019; Overmars &
Venkatraman, 2020 ). An example calculation was given which was extended to show that a
relationship exists beyond that of previous work. Equation (17) describes a variable , which
combines the four squares (from the two sums of two squares) in two ways. Each combination
represents the sums of two squares of the prime factors of the semi-prime. The rational
representations of
are, as shown, the sum of squares of the factors
of the semiprime. The factors of a semi-prime can be found by using solutions to a quadratic modulus
equation, which were then applied to the Euclidean algorithm to find a rational representation
of the sum of squares. These two sums of two squares is then represented as two ratios, each
of which are the sums of the two squares of the factors of the semi-prime. Expressions for 3
different polynomials and their connections to each other have been given. A method for
solving one of these using modular forms has also been given. Once a solution can be found
all of the other polynomial solutions can be found leading to the factorization of the semiprime.
The representation of as a rational in this paper is none the less interesting. If an efficient
method to find the solutions to the quadratic modulus can be found as per (Williams, 1994),
the method presented in this paper will quickly extract the two prime factors of the semiprime. Future work entails extending such that, if only one sum of two squares for the semiprime is known, a method for finding the second sum of two squares can be provided.
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