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Abstract. Numerical optimization is a vital element in all fields of engineering. Especially in 

present times, finding better solutions to given design problems is of eminent importance. Either 

to reduce material usage, find more cost-effective solutions or shorten times in production 

systems. All these design problems involve their respective description of the optimization 

problem and thus a specific solution approach. Common to all optimization problems in 

engineering is the treatment of the design optimization problem as a mathematical optimization 

problem. To address the different types of optimization problems, various approach to solve 

them have been developed. Some use surrogate models to approximate the optimization 

problem, other approaches employ the actual physical description in the solution process. In 

this case, typically either deterministic and stochastic methods are used. A characteristic feature 

of optimization problems in engineering is the conflict between the time to calculate the 

objective function and the accuracy of the function value. The scope of this paper is to assess, 

how different solution algorithms can cope with this conflict. For this purpose, representatives 

of deterministic and stochastic solution algorithms will be used to solve special test functions 

in order to mimic real-world optimization problems. The algorithms will be assessed regarding 

their ability to cope with increasing times to calculate the objective function and different levels 

of accuracy concerning the function values. Additionally, based on this assessment, a new 

hybrid algorithm will be outlined which will be able to combine the advantages and lessen the 

drawbacks of the respective algorithms. 
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1. Introduction 

Optimization is of eminent importance for all fields of engineering. Improving a 

thermodynamic system, finding an optimal path for a transportation system, maximizing the 

stiffness of a mechanical component or finding a compromise between the performance and 

weight of an electric motor. All these tasks involve the solution of an optimization problem. 

The characteristic element of an optimization problem is the mathematical description. With 

this formulation established, the problem could in theory be solved with analytic means. But 

typically, real world optimization problems are so complex that this is hardly possible. 

Therefore, these problems have to be solved using numerical methods. The goal is to either 

maximize or minimize an objective function, dependent on the mathematical formulation. If 

multiple objective functions have to be optimized simultaneously, the goal is to find Pareto-

optimal solutions. A solution is Pareto-optimal if an improvement of one objective leads 

inevitably to a degradation of the other objective functions. 

Due to the different characteristics of optimization problems diverse solution algorithms 

have been developed. A main criterion according to which the solution algorithms can be 

distinguished is the description of the optimization problem. The physical equations can be 

either used to directly describe the optimization problem or they can be used to establish 

surrogate models of the optimization problem. In the following, the treatment of these problems 

with physical equations will be investigated in more detail. Since this will be a study from an 

engineering perspective, the main goals are not to go into the theoretical properties of different 

solution algorithms. Instead, the algorithms are investigated concerning the time required to 

find a solution and the influence of uncertainties in the objective function onto the course of the 

solution process. To achieve repeatability and rule out undesired side effects, well-established 

test functions are used rather than real-world optimization problems.  

This paper is divided into four sections. In the following section, the current state of the art 

regarding optimization methods is presented. After that, challenges are described which have 

to dealt with in real-world engineering optimization problems. The main part of this paper will 

be section four, in which a numerical study will be conducted. Here, different algorithms will 

be evaluated with special test functions to assess their ability to cope with increasing 

computation time of the objective functions and increasing levels of uncertainties. In the closing 

section, the findings will be summarized and an outline of a new optimization algorithm will 

be presented. 

2. State of the Art 

As mentioned before, the algorithms to solve optimization problems can be classified 

according to the description of the optimization problem and the basic working principle. The 

class of algorithms which uses surrogate models to describe the optimization problem is 

independent of the one that uses physical equations. To get a deeper insight into these 

algorithms, the following literature sources can be given (Buhmann, 2006), (Myers et al., 2016), 

(Stein, 1999). In the other class of algorithms, which uses physical equations, two fundamental 

categories exist. These categories differ in how they update candidate solutions in order to find 

more optimal solutions. Stochastic methods emulate natural phenomena and probability is a 
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crucial factor in their working principle. Deterministic methods on the other hand solve 

optimization problems in a mathematically exact way. 

2.1 Stochastic Methods 

Mimicking natural phenomena is a vital element of this class of optimization algorithm and 

quite a huge variety of different variants have been developed over time. They are all inspired 

by diverse processes in nature like evolution, flocking behavior, cooling down or gravity.  

Typically, the central element of these algorithms is the population, which is used to 

iteratively determine new candidate solutions. However, not all algorithms use large numbers 

of individuals and operate with a single candidate solution. Since these algorithms belong to 

the heuristics, they are not able to determine the optimum exactly. In theory, they can approach 

the solution arbitrarily close, but not reach it. In this case the solution process has to be stopped. 

However, cases where no solution can be found have to be considered as well. To prevent the 

solution process to be stuck in an infinite loop, an abortion criterion has to be implemented. 

After the successful computation of the objective functions for all candidate solutions, the 

upcoming population has to be formed. In this process, individuals with better objective 

functions are more likely to pass their information to the next generation than individuals which 

perform worse. If the optimization problem is multi-objective, the individuals are not picked 

solely by the objective function but by their position in relation to the Pareto front. 

The outstanding feature of stochastic methods is that they are able to distinguish between 

local and global optima. If the algorithm is properly formulated and set up, the optimization 

process will not get stuck in local optima, overcomes them and finds the global one. The other 

characteristic property is the lack of gradient calculations. Only the actual values of the 

objective functions have to be calculated. A thorough overview and deeper insight can be found 

in Schneider & Kirkpatrick (2006), Marti (2015) and Cavazzuti (2013). 

Recent approaches of the optimization with stochastic methods try not only to solve the 

optimization problem but to improve the basic algorithms. As a literature study revealed, the 

improvements typically aim at the quality, the reliability and the efficiency of the solution. 

For example in Alhussein & Haider (2015), the basic particle swarm optimization is 

modified in how the velocities and positions are treated. In the standard particle swarm 

optimization, the velocity is based on a local-global update scheme, an artificial inertia and 

acceleration constants. In this approach, limits to the velocities and positions are introduced. 

The velocity is bound to be between a lower and upper limit and also the position gets penalized 

if the particle tries to leave the search domain. Then the velocity is set to zero and the position 

vector is reversed. The goal of these modifications is to improve the convergence speed. 

Another approach with a similar goal is taken by Goa (2018). Here, a hybrid algorithm 

consisting of the standard elements of the artificial bee colony algorithm and the particle swarm 

optimization is developed. Each step of the artificial bee colony algorithm is followed by a step 

of the particle swarm optimization. This hybrid algorithm is able to provide solutions with more 

optimal values of the objective functions. 

In Gu et al. (2016), a combination of a genetic algorithm together with simulated annealing 

is used. Simulated annealing determines if an offspring in the crossover and mutation step is 

accepted or not. Afterwards, an additional step of simulated annealing is executed. The goal of 

this algorithm is to escape local optima more reliably and improve the convergence speed. 
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Often, algorithms are specially adapted to a specific optimization problem like in Liu et al. 

(2016), where the goal is to find the shortest path possible. To achieve this, special initialization, 

selection, crossover and mutation functions are implemented. Additionally, the crossover and 

mutation rates are dynamically adjusted, based on the total fitness values of the previous 

generation. This leads to faster computation times of the shortest path possible compared to the 

well-established A* and Dijkstra algorithms. 

2.2 Deterministic Methods 

Opposed to stochastic methods, deterministic methods are not heuristics and are able to 

determine the optimum of an optimization problem in a mathematically exact way. Since these 

methods do not rely on probability, the exact same solution will be found as long as the same 

starting point is used. To determine if an optimum is found, the derivatives of the objective 

functions are used. If the derivative is zero, the candidate solution is an optimum, otherwise the 

solution can be improved. To improve the solution, the gradient information is used. The new 

candidate solution is based on the previous one but shifted in the directions suggested by the 

gradient. If the problem is multi-objective, an optimization direction has to be established, 

which depends on the gradient information of all objective functions. For optimization 

problems where no gradient information is available, gradient-free algorithms were developed. 

They operate purely with the actual value of the objective function to determine new improved 

candidate solutions. An update scheme is performed until the optimum is found or stopping 

criteria are reached.  

One of the main issues with deterministic methods is to find the global optimum. Since the 

gradients at local as well as global optima are zero, the algorithm is not able to distinguish 

between them. Therefore, the solution process can get stuck in local optima and never reach the 

global optimum. A typical workaround is to work with multiple starting points, distributed over 

the search domain of the optimization problem. Many candidate solutions will get stuck in local 

optima, however, the chance of finding the global optimum is greatly improved. An overview 

and more details are given in Collette & Siarry (2004), Snyman (2005) and Yang (2010). 

A literature survey revealed that the research concerning deterministic methods deals mainly 

with particular problems of the examined optimization problems. Therefore, a large variety of 

different subgroups of deterministic optimization methods has emerged. To give an overview 

of this variety, the following literature sources can be named. 

In Chiariello et al. (2015), a gradient-based method is used for the robust optimization of 

electromagnetic devices. The optimization method is used to account for the tolerances and 

their effect on performance degradation.  

A totally different field of application is the optimization problem considered in Fleishman 

& Thompson (2017). In the field of medical imaging, a gradient descent algorithm is applied to 

calculate some medical indicators from two magnetic resonance images. To improve the 

convergence speed, two alternative methods of calculating the step size are investigated. It has 

been shown that large gains in convergence speed are possible for this particular optimization 

problem. 

Désidéri (2012) is addressing multi-objective optimization problems. Here, the basic 

gradient descent algorithm is extended to multiple objective functions. Since the objective 

functions do all have own gradients, a common descent direction has to be calculated. This 
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enables the use of gradient descent algorithms not only for single-objective problems but for 

optimization problems with arbitrary numbers of objective functions. 

Gradient-free methods are examined in Kutty & Sen (2015). The Rosenbrock algorithm is 

modified to account for the special properties of the optimization problem. With this 

modification, it is possible to enhance the ability of the algorithm to find the optimum compared 

to the basic algorithm. 

3. Challenges 

Optimization problems are a central element in engineering. To get the best solution possible 

or to check if a given solution has some potential for improvement, optimization methods are 

used. They occur in all disciplines of engineering. Two examples are shown in Figure 1. Besides 

them, there are a huge variety of other possible applications of optimization methods. For 

example, in computational fluid dynamics, injection molding simulations, path optimization of 

transportation systems or optimization of production systems. 

One of the main challenges of optimization in engineering is the time required to determine 

a solution. This duration is greatly influenced by the model description. Often quite complex 

calculations have to be performed in order to evaluate the objective function. Not uncommon 

is that these calculations involve their own iterative solution processes, e.g. in topology 

optimization or magnetostatics. By choosing an appropriate model description, the computation 

time can often be decreased. But the choice is often problem dependent and therefore restricted 

or other drawbacks have to be accepted. Also, the class of optimization methods impacts the 

computation time. Either due to a high number of required objective function evaluations or 

because of computational intense gradient calculations. Another aspect, which has to be 

considered in terms of computation time, is the number of design variables of the optimization 

problem. Thus, this leads in total to an area of conflict, in which a compromise has to be found 

between the computation time, the model description, the class of solution methods and the 

number of design variables. This compromise has to be dealt with for every optimization 

problem specifically. 

Figure 1: Examples of optimization problems in engineering. On the left the topology optimization of a motor 

bicycle frame. On the right the design optimization of a permanent magnet synchronous motor. 
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However, the challenges are not restricted to the computation time. Also, the accuracy the 

objective function can be calculated with can be challenging in the solution process. If the 

objective function can be calculated analytically, accuracy is no problem. But if the objective 

function has to be calculated iteratively, e.g. with finite element methods, this can definitely be 

quite challenging. Then, either a large portion of the computation time has to be spent to 

calculate the objective function with high accuracy or the calculation time is low but results in 

a less accurate function value of the objective function. The level of accuracy has to be 

considered when choosing a class of solution methods. If the method is able of handling 

uncertainties, the objective function might get computed faster with lower precision. Otherwise, 

the objective function has to be determined with higher accuracy levels, leading to longer 

computation times. Obviously, these challenges are interrelated and cannot be treated 

independently. So, it is vital to consider both in the initiation stage when it comes to solving an 

optimization problem. 

4. Numerical Study 

In order to assess the performance of different types of algorithms in terms of time to solve 

an optimization problem and the ability to cope with uncertainties, a numerical study is 

conducted. This study will be performed with four different algorithms, which represent the 

variety of the available types of algorithms. The algorithms used are the MATLAB 

implementations of genetic algorithm, particle swarm optimization and pattern search as well 

as the multiple gradient descent algorithm (MGDA) by [16]. For a single-objective 

optimization, all of these algorithms will be used, whereas for the multi-objective one, only the 

genetic algorithm and the multiple gradient descent algorithm will be employed. The algorithms 

are set up with their recommended standard options. In Table 1, the options of all algorithms 

can be seen. 

In this study, not real-world optimization problems are employed but test functions to mimic 

them. This ensures the highest amount of reproducibility possible. Since optimization problems 

in engineering feature a huge variety, this has also to be reflected by the test functions. Thus, 

four different two-dimensional test functions are used. Two of them, namely the Sphere-

Function and the Mishra’s Bird-Function are single-objective. The other two test functions are 

multi-objective; the Binh and Korn Function possesses a continuous Pareto front whereas the 

Zitzler–Deb–Thiele's Function No. 3 (ZDT3) features a disconnected Pareto front. To ensure 

comparability, all algorithms start with an identical initial distribution of points randomly 

spread across the search domain. In order to maximize comparability even further, each 

algorithm is run 100 times. The resulting courses of optimization are then averaged to get rid 

of any parasitic effects. Key criterion to benchmark the algorithms is the time it takes to 

determine the solution and not the number of iterations needed. The time scale will be relative 

to the first algorithm which was able to find a solution. The criterion, which defines whether a 

solution has been found or not, is the distance to the known optimum. For a multi-objective 

function, this is not as trivial as for a single-objective one. To determine the performance, two 

measures are relevant. The first and most important one is the mean distance of the candidate 

solutions to the Pareto front. The second measure is the hypervolume, which indicates how well 

the Pareto front has been covered by the candidate solutions. 
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Table 1: Overview of the most important options of the algorithms considered in the numerical study. 

Genetic Algorithm Value Particle Swarm Optimization Value 

Population size 50 Swarm size 50 

Maximum number of Generations 500 Maximum number of Iterations 500 

Maximum number of stalled generations 50 Maximum number of stalled generations 50 

Objective function tolerance 1e-6 Objective function tolerance 1e-6 

Multiple Gradient Descent Algorithm Value Pattern Search Value 

Population size 50 Population size 50 

Maximum number of Iterations 500 Maximum number of Iterations 500 

Minimum step size 1e-10 Mesh Tolerance 1e-6 

Minimum gradient 1e-6 Objective function tolerance 1e-6 

4.1 Computation Time 

Since the evaluation of real-world optimization problems is often done iteratively, this can 

be time-consuming. Therefore, the solution algorithms are evaluated how they cope with 

different computation times of the objective functions. To allow for different computation 

times, the test functions are modified in such a way that a precise duration can be specified. 

Two different aspects have to be considered when it comes to the overall computation time of 

the solution algorithm. The first one is the actual evaluation time of the objective function. 

Either multiple evaluations of the objective functions per iteration or large numbers of iterations 

with fewer evaluations are necessary. Therefore, the overall computation time is typically 

mainly influenced by the evaluation time of the objective functions. The other component, 

which affects the overall computation time, is the time required for the solution algorithm to 

determine the direction of optimization and update the candidate solutions. This duration is 

usually quite short compared to the evaluation time of the objective functions and, with 

increasing computation time of the objective functions, diminishes even more.  

To assess how different durations of the evaluation time of the objective functions affect the 

solution process of the different algorithms, a series of optimizations with different computation 

times are performed. The specified computation times range from 0.1 s up to 100 s. 

In Figure 2, the course of optimization for the test functions with a specified duration of 0.1 

s are depicted. For the single-objective functions, it can be seen that MGDA is the fastest 

algorithm to reach a distance to the optimum of less than 1e-6. The other algorithms need at 

least twice the time. It is also notable that pattern search is the slowest algorithm, since it does 

Figure 2: Course of optimization with a computation time for the test functions of 0.1 s. For multi-objective 

test functions, the mean distance is depicted with solid, the hypervolume with dashed lines. 
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not rely on gradient information and thus needs to test a huge amount of test points in order to 

determine in which direction the optimum might be. The stochastic algorithms require 

comparable times to reach the optimum. In case of multi-objective functions, the results are not 

as obvious as for single-objective problems. For the Binh and Korn Function, MGDA is fast in 

reaching a mean distance to the Pareto front of less than 1e-1 but does not cover the Pareto front 

Figure 3: Course of optimization with a computation time for the test functions of 100 s. For multi-objective 

test functions, the mean distance is depicted with solid, the hypervolume with dashed lines. 
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as well as the genetic algorithm. In the other case of the ZDT3, MGDA is slower in reaching 

and covering the Pareto front than the genetic algorithm. 

If the duration of the evaluation regarding the test functions is increased to 100 s, the course 

of optimization as depicted in Figure 3 emerges. Now, the overhead of the solution algorithms 

is hardly relevant and the duration is mainly determined by the time it takes to compute the 

objective functions. In this case, none of the algorithms can compete with MGDA in terms of 

time to determine the solution. The other algorithms take more than five times the duration of 

MGDA to get to the goal distance. For the multi-objective functions, MGDA is faster to reach 

the Pareto front for both test functions, but suffers from not covering the Pareto front as well as 

the genetic algorithm. 

4.2 Uncertainties 

In the solution process of an optimization problem, the objective functions have to be 

calculated repeatedly. In engineering, the determination of the values of the objective functions 

often involves iterative procedures. These procedures need a certain amount of time to 

determine the function values to a given level of accuracy. This accuracy level can be employed 

to control the overall duration of the optimization process. If the objective functions are 

evaluated with a very high level of accuracy, the time it takes to converge to the actual function 

values can be pretty long. But knowing the values of the objective functions with high accuracy 

enables the solution process to proceed to the next iteration step in an optimal way. The contrary 

would be to determine the value of the objective functions with rather low accuracy. This leads 

to fast approximations of the actual function values at the expense of accuracy. Since the 

function values are only known to a specified level of accuracy, the solution algorithms have to 

deal with a certain amount of uncertainties, which can affect the solution process. Generally, a 

balance has to be found between the duration of the function evaluation and the level of 
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accuracy. In some cases, low levels of accuracy are acceptable and lower computation times 

are required. Therefore, the employed solution algorithms have to be able to cope with the 

resulting uncertainties. Other use cases might require quite high accuracy and the resulting 

computation times are irrelevant.  

The algorithms used to solve optimization problems behave differently to different levels of 

accuracy. Obviously, high accuracy does impact the way the solution algorithm is proceeding 

by no means. If lower levels of accuracy are used, the solution algorithms have to be able to 

cope with these circumstances. Consequently, the precision of determining the optima is 

restricted while also affecting the course of optimization. Stochastic methods do not exactly 

know the function values of the candidate solution and cannot guarantee to pick the best ones 

to form the upcoming generation respectively iteration. Deterministic methods are affected as 

well. Due to inexact gradient information or inaccurate function values, the algorithm might 

tend to proceed in a non-optimal fashion. In both cases the convergence speed is compromised. 

In order to evaluate how different levels of accuracy affect the course of optimization of the 

solution algorithms, the test functions were modified. They now compute the function values 

only to a specified number of significant digits. The subsequent digits are random and thus 

introduce uncertainties. Diverse optimizations have been performed with varying levels of 

accuracy, which range from ten significant digits down to only two. The duration for the 

evaluation is fixed for all the upcoming optimizations to be 0.1 s. 

The course of optimization with reference to the four different solution algorithms is 

depicted in Figure 4. In this scenario, the test functions are evaluated with a quite high accuracy 

of ten significant digits. Since the accuracy is high, it is not expected to witness any remarkable 

occurrences in course of optimization of the different solution algorithms. As before in section  

Figure 4: Course of optimization with an accuracy level of ten significant digits. For multi-objective test 

functions, the mean distance is depicted with solid, the hypervolume with dashed lines. 
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4.1, MGDA is fast to reach the goal distance to the optima for single-objective functions. The 

second-best performance is provided by particle swarm optimization, but it needs already twice 

the time of MGDA. Pattern search and genetic algorithm perform poorly compared to the 

others. For the multi-objective Binh and Korn Function, MGDA is fast again in reaching the 

goal distance to the Pareto front but does not cover it as well as the genetic algorithm. Regarding 

Figure 5: Course of optimization with an accuracy level of six significant digits. For multi-objective test 

functions, the mean distance is depicted with solid, the hypervolume with dashed lines. 

 
ZDT3, both algorithms perform almost equally well. They both reach the Pareto front in a 

comparable speed, but again, the genetic algorithm is better in covering the whole front. 

If the accuracy is reduced to only six significant digits, uncertainties which the solution 

algorithms have to cope with are more pronounced. Then, the courses of optimizations arise, 

which can be seen in Figure 5. This time, MGDA is fast in reaching the optimum once more, 

but only slightly faster compared to particle swarm optimization. The gradients which MGDA 

employs to determine the descent direction are now getting more inaccurate and thus, the 

algorithm is proceeding in non-optimal directions. It is also worth noting that particle swarm 

optimization is able to determine the solution more accurately than the actual accuracy of the 

test functions. For multi-objective problems, the reduced level of accuracy is impacting the 

convergence speed increasingly. 

If the level of accuracy is reduced even more, in Figure 6 the course of optimization with 

only two significant digits can be seen. The goal distance to the optimum for single-objective 

functions is now reduced to be the same as the level of accuracy. 

Figure 6: Course of optimization with an accuracy level of two significant digits. For multi-objective test 

functions, the mean distance is depicted with solid, the hypervolume with dashed lines. 
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It is obvious that all solution algorithms suffer from the lack of reliable information 

concerning the function values of the test functions. They are all able to reach the goal distance, 

but they are very slow compared to the solution progresses with higher accuracy. But still, 

MGDA is the fastest algorithm. However, in case of multi-objective problems, MGDA is not 

able to reach the Pareto front at all, while the genetic algorithm is capable of determining and 

covering the Pareto front surprisingly well. 

5. Conclusion 

The purpose of this paper was to evaluate how the duration to evaluate objective functions 

and the accuracy of function values impact the solution process of design problems solved using 

numerical optimization. To do this, typical representatives of common solution algorithms were 

chosen to conduct a numerical study. In this study, stochastic and deterministic methods were 

investigated on how well they are able to determine the optima of four different test functions. 

The methods used were genetic algorithm, particle swarm optimization, multiple gradient 

descent algorithm and pattern search. These represent a collection of well proven algorithms 

which are widely used at the present time. Test functions and not real-world engineering 

problems were used to be able to control the computation time and the level of accuracy. 

Therefore, the results can be applied to other optimization problems. 

The major difference is the category, which the algorithms belong to. Accordingly, this has 

the most impact onto the results of this study. Stochastic and deterministic methods have totally 

different working principles on how to determine the solution of an optimization problem.  

Since the course of optimization of stochastic methods is random, a huge number of function 

evaluations is necessary to get to the optimum. This leads to a rather slow convergence speed. 

Different levels of accuracy can slow down the convergence rate, but not stop it. Especially 
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particle swarm optimization is quite successful in determining the solution to a more precise 

level than the test functions allow.  

In case of deterministic methods, gradient-free and gradient methods have to be treated 

separately. Gradient-free methods like pattern search are rather slow and thus not very practical 

for usage in engineering problems. However, after quite some time the optima are found. 

Gradient methods, e.g. MGDA, on the other hand, calculate a direction in which the 

improvement occurs and a step length. This adds a lot of computational expense to the algorithm 

but therefore, the algorithm approaches the solution with very few iterations. If the level of 

accuracy is reduced, the gradients cannot be calculated with an appropriate precision and thus 

the descent direction might not be optimal, impacting the convergence speed. But in total, 

MGDA is pretty fast even though particle swarm optimization is able to determine the solution 

with more precision. In multi-objective optimization, MGDA is faster than the genetic 

algorithm until a certain level of accuracy is reached. Beyond this, only the genetic algorithm 

is able to reach and cover the Pareto front. 

Based on the findings above, a new type of algorithm can be proposed. It is a hybrid 

algorithm of stochastic and deterministic elements with a local-global update scheme. This 

algorithm combines the advantages of the different classes and helps to overcome their 

respective drawbacks. A stochastic algorithm like genetic algorithm or particle swarm 

optimization is employed to help finding the global optimum and deal with uncertainties. To 

improve convergence speed, a deterministic method like MGDA is used to improve the 

candidate solutions locally. Thus, the algorithm to be proposed consists of two stages. In the 

first stage, the candidate solutions are globally updated according to the principles of stochastic 

methods. The second stage is to improve the solutions locally using gradient methods like 

MGDA. This approach can lead to higher convergence speeds and more precise determinations 

of the solution of an optimization problem. The detailed workflow of such an algorithm is 

subject to further research. 
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